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Functional Quantum Theory of Scattering Processes. III.

H. Stompr, W. ENGESER, and K. ILLIG
Institut fiir Theoretische Physik der Universitdt Tabingen

(Z. Naturforsch. 26 a, 1723—1729 [1971] ; received 12 June 1971)

Dynamics of quantum field theory can be formulated by functional equations. To develop a
complete functional quantum theory one has to describe the physical information by functional
operations only. The most important physical information of elementary particle physics is the
S-matrix. In this paper the functional S-matrix is constructed for nonrelativistic spin 1/2 fermions,
as in this system a rigorous construction of operator representations is possible. The method of
S-matrix derivation used in I and II is improved and the exact perturbation solution for the
scattering functionals is given.

In quantum field theory the dynamical behaviour of physical systems can be described by Schwinger
functionals of the field operators and corresponding functional equations1-7. Using this representation
of quantum dynamics it is conclusive to develop a functional quantum theory with appropriate functional
spaces, where the information of conventional quantum theory can be obtained by operations in these
functional spaces only8:9. One of the most important physical information in quantum field theory is
given by the S-matrix. Therefore in functional quantum field theory one has to construct functional
representations of the S-matrix. A first step to realize this programme has been made by the introduction
of an appropriate scalar product definition for Schwinger functionals8:10.11, Applying this scalar product
definition the functional S-matrix definition has been derived for nonrelativistic scattering processes of
bosons!2 and for relativistic scattering processes of spin 1/2 fermions!3 of nonlinear spinor theory14.
As in nonrelativistic quantum field theory a rigorous construction of operator representations is possible,
it is instructive to treat this theory in detail in its functional version. Therefore in this paper we discuss
the functional S-matrix construction for nonrelativistic scattering processes of spin 1/2 fermions. Additio-
nally corrections to the discussion given in the preceding papers12:13 are derived. The improved technic
of functional S-matrix construction in this paper leads for nonrelativistic scattering processes instead
of formula12 (3.19) to

Song :ﬁlim ER D] TG (D

and for relativistic fermion scattering instead of (3.14)13 to

Sy =0lim ERD| T weyar2...a; 2.

—> 00

This means that in the preceding papers the limes procedure  — oo has to be added. The definition of the
functional symbols and the notation are contained in 12, 13,
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1. Fundamentals

We discuss first the field theoretic description in ordinary i.e. physical Hilbert space. We assume a
matter field operator y, (t, t) satisfying the anticommutation relations

[’Pe(f, t)r w;’— (rly t)]+ = 699’ 6(1' = r’) 5
(Yo (r, 8), wor (¥, )]+ = [wg (1, 0), g (', )]+ =0 (1.1)

where y* is the Hermitean conjugate of y. Using the summation convention for the field system the
Hamilton operator

H(t)= [Vyf (t,t) Ve(r,)dr + 3 2 [y (v, ) 95 (1, 8) V(v — t']) po(r, 1) por(r', ) drdr’  (1.2)

is assumed 2. From (1.1) and (1.2) by usual procedures the field equations follow
a # ’ 4 ’
Jor Yot 8) = Ao (v, 0) — 2 [y (¢, ) V(Iv — t']) wor(v', ) e (v, ) A (1.3)

and the conjugate equations, which result by Hermitean conjugation of (1.3). The representation space
of the system can be realized by assuming a true ground state |0) with the property

e(r,8) |0 =0. (1.4)
The n particle states |a) of the system are then given by

|ay = [ga (3t on) L it e (11,0) oy (1, 0)[ 0l (1.5)

where the @, are the total antisymmetric wave functions of the system. The theory is forminvariant for
the Galilei-group and H (t) is the infinitesimal generator of a time translation.
Putting *
Yo (r, t) = p10(), yo (1,8) =yz(@) with x=r1,t,
and combining the two indices into a superindex o = (e, ¢) the anticommutation relations (1.1) can be
reduced to

[ya (@), Ys(@)] 4+ j—pr = 1 Aap 0 (r — ') (1.6)
and the field Eqgs. (1.3) together with their Hermitean conjugate version go over into
0
o V(@) = ADupps(e) + 2 Vagyo(xyzu) a(y) vy (2) yo(u) (1.7)

where the summation convention is now extended to the four variables x with [ foa (@) 9o (2) Az = : fo () ga()-
Defining the matrices

0 —7¢ 0 0 1 0
de={_§ 3 0=(§ §) D={g _J) (1.8)
the algebraic operators occuring in (1.6) (1.7) are defined by
Aup:= Augpo’ = Aup oo, Dyp:= Dagpo’ = Dop Ogo’ (1.9)

where all indices have been written explicitly.
The vertex is given in superindices by
Vapyo(@yzu):=Dyy Cps V(|t — ' |)0(t — ') 0(x — 2) O (y — u). (1.10)
To define the S-matrix in terms of Heisenberg states, we observe that for any retarded Heisenberg scatter-

ing state the relation
@) (N)) = [a™(N)) = U (0, — o0) | M) (1.11)

* We consider here the operator @« = (y, w*), which in general is not an hermltean operator .in contrast to the her-
mitean operator ¥y = cup yp in former publications.
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is valid with
U(O: — 00):= lim etHt g—iHot —. O(+)

t—o0

where Hy = _fV yg (r,t) Vyy(r,t) dr is the Hamilton operator of the free particle Heisenberg state | ).

(1.12)

For the advanced Heisenberg scattering states the relation

|aC) (R)) = [a®H(N)> = U(0, 00) | N>

(1.13)

holds with a corresponding definition of U (0, co) =: 2(). Then the S-matrix has to be defined by

(RSN = @O (W) a9 (W) = @ ()| ()

(1.14)

which is the Heisenberg representation of the physical definition of the S-matrix resulting from the

Schrodinger picture.

To work by the same method in nonrelativistic
and relativistic theory we define the Heisenberg
field operators$

in
1)uo‘out(r, t) = U® py(r, t) Uw (1.15)
with

U &) (t) = eiHt Q) g~iHt (1.16)

which we assume to be unitary, what means that
no bound states may occur. From (1.15) we obtain
the anticommutation relations

in in

[ (t, ), a2t (), 8)]+ = @ Ao 6(r — ¥') (1.17)

and the equations of motion
in

in in
ia% YUt (r, £) = [pa® (v, 1), Ho™]- (1.18)
which read explicitly

0 in
(’iﬁ Oap — ADaﬂ) P (r,t) =0. (1.19)

The connection between the proper field operator
and the in (out)-fields can be expressed also by
the Yang-Feldman equation

in
ya () = pa® (@) + 2653 (@ — 2')
*Vorgye (2" yzu) wa(y) wy(2) po(u)
with the Green-Function G!’ defined by
a ’ ’
(m B ADaﬁ) G2 (& — o) = duy 8 (2 — @)
(1.21)

(1.20)

and the condition G§) (x) = 0 for ¢t = 0.

By suitable assumptions about the potential V
from (1.20) the limes relation

in
lim [y (r, £) — °"*(r,£)] =0

t—F oo

(1.22)

can be derived in the sense of weak convergence.

2. Asymptotic Free Field Functionals

For the nonrelativistic treatment we assume the
interaction picture to be valid. Then the asymptotic
particles are well defined. They can be described
by functionals. To define them we introduce anti-
commuting operators ju (x) and Oy (x) with

[ (@), O (@) ]+= Oa’ 6 (@ — '),

[a (), jar(@')]+ = [0a (%), Oxr (z)]+ =0 (2.1)

and assume a functional ground state | go) with
2a(z) | poy = 0. 22)

By this assumption it is possible to construct
different representation spacesl0. According to
9,10/15 these spaces have to be representation
spaces of the corresponding invariance groups. This
condition is satisfied by the construction performed
in 10, For the nonrelativistic theory the invariance
group is the Galilei-group. The generating Schwinger
functionals for the free particle states are then
defined by

TG () := <0 T exp {i o () ju ()} [ @ ()

k=1

S, % in in in
2 51 <O Tpea® (21) ... Yar®™ (28) | @ (R) o, (21) - - oy (@) -

(2.3)

15 H. StumpF, K. SCHEERER, and H. G. MARTL, Z. Naturforsch. 25a, 1556 [1970].
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From these the functional states result.

li"‘“ ()= ig’?‘t () | po> -

(2.4)
For (2.4) the functional equation
8 ..
(m Oup — ADaﬂ) 0O () l T (5)>
= — Aupjp(a) | TG (25)

can be derived by means of (1.17), (1.19)10. As (2.5)
is satisfied for any free field functional the index N
has been suppressed. It is remarkable that the
asymptotic free field functionals are defined with
respect to the state vector system of the interact-
ing field. This guarantees the connection with the
proper scattering functionals to be defined later.
Denoting by fs(x|k) a classical solution of the free
field Eq. (1.19) and identifying 9t with the complete
set of quantum numbers % ... &, of n free particles,

H. STUMPF, W. ENGESER UND K. ILLIG

the solution of (2.5) is given by 10

|<Iout > = IIout(?’, k1...kn)>
.
:eZJF] ;'Pz(— I)Pfﬂl(xllkh)

Meiidn

fﬂ,. (@n I k},,,)

Jpa(®a) | @) (2.6)

where F is the two point function of the correspond-
ing field theory. For the S-matrix construction a
scalarproduct is required. According to10 this can
be defined by

X jﬁl (1‘1)

in ; , in
T (j, kg - Bep) | TG, Kor - o) Dy

_ <e‘;j(F+G)iIl;lut G, Ky ... k)

The matrix Zy has to be skewsymmetric, a suitable choice of ¢ is discussed later.
Denoting the weighted power series functional states by

Dufj

2) 1= i 21) - o o) €747 | o)

(2.7)
. . in
|e=¥E+C Fout(5 k) ... km))
where the weighting factor G is given by
Go(x,2")=Zpg(t — 9 d(x —2). (2.8)
(2.9)

and observing that for free fields the operator e~*¥/ effects normalordering the scalarproduct (2.7)

may be written

in in
<Iout (77 kl s I tzout 7.: kl )>u(19)

- z <O| Ni/)out )

OllL

Wﬂ. (27) l“

in in m
Y* 0| Nygit(x1) ... v (@) | aft gn>

o ) PR e

Straightforward evaluation in analogy to 10 then gives

in in
(O (j, by ... ) | TO(j, ey ...

km)>w(z9)
e I;Z (— D Pr@y | kyye) oo ¥ (| Kry) f @2 | Ko, <o f (@m | Fos,)
e 1™
Mecidm
X > C(m,n,0)0(x; —x1)a Lty — 9)...0(xs, — ®ap) a1 (tsp — ) (2.11)
e

X (— Zo)* 8 (X241 — T2o42) Cllagya — ) ... (—

X (—Zo)é

where the functions a=1(t — ) and ¢({ —
obtains

(¥20+1 — T29+2) C(t204+2 — ) ...

Zo)* 8 (@y—y — @) ¢ty — D)
(— Z0) & @m-1 — Zm) ¢ (tm — 9)

) follow from ¢(t — ). By a suitable choice of ¢(t — ) one

[fa@| k) fo(x| k) a1 (t — &) de = Oxx, (2.12)
[ 15| k) Zgg, c(t — 9) fy(x|k)dx=0. (2.13)
Observing C(n, n,n/2) = (n!)~2 from (2.9) finally follows
in - 7 in . 1
(UG by k) | TG Ky kem)) = Oam P> (— 1)2 8p g, - Oprainn (2.14)
Atenid

i.e. the orthogonality of the asymptotic free field functionals.
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3. Functional S-Matrix Construction

To define the S-matrix for nonrelativistic fermion-fermion scattering in terms of functional scalar-
products, we define first the functional scattering states. They are given by

| TG () 2= <0| T exp {i pu () fu (1)} ] a®* (M) | po> - 3.1)
Then the following statement holds

Statement: The scattering matrixelement (1.14) for the scattering of spin 1/2 particles of the initial state 2
and the final state I is given by
Sy = lim <TG ()| TG (1w 32)

#—>o00

where the scalarproduct has to be performed by the procedure (2.7).

Proof: We consider first the formal normal ordered functional

| DG (§)) := e~ ¥FT | T (j)) = Z — <Ol Ny, (x1) ... yg, (xn)]algnt(sﬁ» Jan (%1) + - Jan (¥n) | Q0> (3.3)
with
O] N gy, (1) - - - P, (%) | @i (R)):
[n/2] " "
=P 3 Z Y g (:m1 xzz) R (:cz,,_l m,,) O Ty n (@ ra) - - Pazy (2) [ @ (R)> . (3.4)

PRt e 2rri(n — 2r)! Oti1 g OAzr-1 Kdar,

Then we have
hm(i( )( 7)| I("') (Dwey = hm (e HEF+®] gz( )( 7)| e~ HEF+@] g;(+)(?)>

H—o00
i ( > 0| Nygr, (1) ... g, () | @2 93?)>*> (3.5)

d—o00
X <O| Nyg, (1) ... ¥p,, (xm) | @™ (N)> X <Dn (;1 . ;n) 1‘ Dim (ﬁl /3:::>>

The scalarproduct of the =veighted power functionals has to be evaluated like for the transition from (2.10)
to (2.11)10, Assuming the functions a=1(! — ) and c¢(t — &) on the compact range —zp <t — & < zp
the integration for all ¢-variables in (3.5) is transferred to infinity. But then the asymptotic condition
(1.19) can be substituted. This is the technic introduced in 12.13. For the twopoint function we obtain

lim (0| T ya (21) pp(@s) | 0) = lim 0| 72" (z1) yg* () |0

'l3_>°° t1,ta—>0c0
= lim (O] 7/(S5" ¥ (@1) Su) (Sia* () 80) | 0) 50
i ; 1z 1z
= I, O] Ty (@) ¥ (@2) | 0) =T Fin (al ) Ttlianout< 1/32)

Also we obtain with (3.6)
lim 0| N y,, (1) ... Yq, (xn) | a®(N)) = lim 0| (N2 (1) ... pi® (20)) Sin |ai™ (90)> (3.7)

{1 —>o0 {1 —>o00

i,.—»oo i,.—>oo
lim <O| Ny, (21) +.. Yu, (n) | a®(N)>

l1—>o00

i,.—»oo

=lim O] N 2" (1) ... pQ% (xn) |a®(N)) = lim <O| N i (1) ... pif (xa) | @™ (N)>. (3.8)

t1—o0 {1—>00

i,.—>oo t.,.—>oo
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By the use of intermediate states (3.7) can be written
Lim 0| Ny, (1) ... Yo, (xn) |aln M)y = Z(am (R)| Slnla‘“(i)? >lim 0| Ny (2y) .. y);',‘. () |a®(R)>. (3.9)

{1 —> o0 t,—>o00

in—>oo ‘ i,.—»oo
Observing (2.10) the evaluation of (3.5) by (3.6), (3.7), (3.8), (3.9) finally gives
Jim (T G)] 25wy = 3 < (0| S| () lim T ()] THD o (3.10)
With
{a®(R)| Sip | @™ (N)) = (R|S| Ny (3.11)

and (2.14) formula (3.2) follows, q.e.d.

4. Calculational Procedures

An exakt solution for the scattering functionals can be given with (1.20). By the procedure applied
in 10 for any scattering functional (3.1) the functional equation

(5 058 — AD2s)) 26(@) + g @)] | TG)> = 2 Vagmo(ey 2 0) 26(0) 2 (2) 60 TG (&)

can be derived. Substituting the Yang-Feldman Eq. (1.20) into the definition of scattering functionals (3.1)
one obtains

| ZG23)> = <0 Texp{zwa"“ (@) o (2 )+MG&$’(‘ — &) Vorpyo (@' y 2 ) pa(y) wy (2) po(u) ju (@) | a™(R))
=<0| Texp{i Yo (2) i (2) } |a°“t )+ RE () 4.2)

The second term on the right side can be expanded into a power series in 4 containing no zero order terms.
Therefore we may write

| RGE (5)> = 21}‘9 | RGE2 (7)) (4.3)
o=
and by (2.3) the expression (4.2) can be written

| TG () = | TFG) + le" | RG23)) - (4.4)
&

Substitution of (4.4) into (4.1) and comparison of equal power series coefficients leads to the first order
term in 1

(24 20(6) — ADay 29(a) + Augin@)] | R0 = Vappolwy=u) 35(0) 25(6) 20() | TGy (45)

as | ‘.I"“t ) satisfies (2.5). The higher order terms in 1 are given by
|5 @) — 4 D23 35.2) + dasis ()] | R )
| = Vapyo (@yzu) 05 () 0y (2) s (w) | RGE1()>,  o=23,...,00. (4.6)
To solve this system we make the ansatz

| RGE® (j)) = e¥Fi | 452 (j)> (4.7)
where F is the twopoint function of the theory. As F satisfies the equation

Gl

Tataaﬂ_ADaﬁ Fgy(w —y) = — Aoy 6(x — ) (4.8)
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this leads to
0 4 ou
i3t 2(0) — ADag ()| | 45 (D> = Vaaro(wy 2 0) da(y) dy (2 do(u) | B () (4.9)

in
where @3 (j) is the normalordered functional and the definition
dp(x) := 0p(2) — Fpu(® — 2') ju (") (4.10)
is used. For higher order terms we obtain
d
137 8a@) — ADag 06() || 42D = Vappo(wyz 0) ds () dy (@) do(@) | 261 (> (411)

Applying now the Green-Function (1.21) to (4.9), (4.10) and observing that the inhomogeneous term of
the scattering functional is already fixed, from (4.9), (4.11) result

«(@) | 4§ 1)) = GF (@ — &) Varpyo (@' y 2 w) dg(y) dy (2) do(u) I¢°“° ()

2(@) | 10 0) = 6 (x — @) Vagya (@' y 2 w) dp(y) dy (2) do(w) | 255271 () - (4.12)
Now for the total scattering functional the relation 15
ja @) 13 (@) | TEG)> = By | T G)> (4.13)

holds. As the coupling parameter 4 is assumed to be arbitrary at least in a certain range, Eq. (4.13) must
be valid even for any term of the expansion (4.4). This can be used to change Eqgs. (4.12) into

. . G , , B
|21 (1)) = B Yja(x) ’ﬁ GF (@ — ') Vargyo (' y z ) g (y) dy (2) do (u) | DG (),
| 520> = Bt ja(®) o O @ — @) Varpyo @'y 2 0) da () dy (2) do(w) | 1521 ) - (4.14)
The solution of (4.14) is easily found to be
. g ) , , L
l xgn:t)o @Gy = [Eg’i 1}(1 (x) WG‘(&') (x — ") Vgypo(x' yzu)dg(y) dy (2)ds (u)]g | (Dmut G)> . (4.15)
By (4.7), (4.4) one therefore obtains for the total scattering functional
oy 24 , -
1200 = 3 (g5)[iao) 57 680 — ) Vampo@ y 2 290) 25 20000 | TFHG)>  (416)
g-

which is the perturbation solution in functional formulation.



